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Abstract
We construct all independent local scalar monomials in the Riemann tensor at arbi-
trary dimension, for the special regime of static, spherically symmetric geometries. Com-
pared to general spaces, their number is significantly reduced: the extreme example is
the collapse of all invariants ∼Weylk, to a single term at each k. The latter is equivalent
to the Lovelock invariant Lk. Depopulation is less extreme for invariants involving rising
numbers of Ricci tensors, and also depends on the dimension. The corresponding local
gravitational actions and their solution spaces are discussed.
1Email: deser@brandeis.edu
2E-mail: ryzhovav@brandeis.edu
1
1 Introduction
Our subject, construction and enumeration of local curvature invariants for special
geometries, i.e. scalars of the form (Rµναβ)
k in arbitrary dimension D, has both mathe-
matical and physical interest. Two physical applications of the general scheme stand out:
the first is to understand geometrical corrections to general relativity, which is “merely”
the lowest order term of an effective series of loop or string corrections. For this purpose,
an accessible grid of candidate terms is desirable, and indeed an enormous literature has
accumulated just on the three quadratic possibilities, R2, RµνR
µν , RµναβR
µναβ . A sec-
ond, related, application is to list allowed local counterterms in specific quantum models,
such as supergravity. The first example, that of D = 4, N = 1 SUGRA, produced an
allowed supersymmetric counterterm, the square of the quadratic Bel-Robinson tensor
Tµναβ ∼ (RR)µναβ at 3-loop order [1]. More recently, it became possible to actually com-
pute explicitly the 2-loop divergences in D = 11 SUGRA [2], the bosonic part of which
was also quartic in curvature (and in four-form field strength). Here again, knowledge
of the basis for quartics was a useful tool [3, 4]. Meanwhile, on the mathematical side,
an algorithmic way to find all independent monomial scalars in Riemannk, along with a
number of illuminating explicit examples,1 was given in [5]. That work illustrated the
discouragingly rapid rise of their number with k, and to a lesser extent, D.
Once the basis of possible corrections is established, there are a number of immediate
physical questions one may ask. The most obvious is that of the solutions to the effective
actions: will they provide surprises about horizons, naked singularities and other post-
Schwarzschildean behavior? Here, of course, the only hope of obtaining solutions lies
in the simplest possible geometries, namely the static spherically symmetric ones; this
question is one of our major motivations. So, apart from a brief excursion away from static
spherically symmetric geometries in Section 6 to show how intractable things become
for less symmetric spaces, all work below is restricted to static spherically symmetric
geometries.
We will establish a decomposition of the curvature tensor into the Weyl and Ricci
parts to provide a simple analysis of all generic local curvature invariants. As a result,
we will note a dramatic decrease in the number of independent terms and an increase
in their transparency. In particular, the general classification will be governed more by
the relative powers of Weyl and Ricci components, rather than by the overall monomial
power. We will then be able to discuss classes, rather than individual terms, thereby
1Unlike [5], we will not consider invariants involving explicit derivatives, such as Rn∇2pRm, although
they will certainly appear in any physical context alongside their algebraic counterparts Rn+m+p.
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helping navigate the sea of effective actions and their solutions.
2 Symmetries and definitions
We first introduce notation that will make the basis elements (Rµναβ)
k as easily com-
putable as possible in arbitrary dimensions2 D = n + 2 ≥ 4. Our metric is expressed in
Schwarzschild gauge:
ds2 = −e2Φ(r)dt2 + e2Λ(r)dr2 + r2dΩ2n = −ω2tˆ + ω2rˆ +
n∑
i=1
ωiˆωiˆ (2.1)
where the orthonormal basis one-forms are
ωtˆ = −eΦdt, ωrˆ = eΛdr. (2.2)
The curvature 2-form is
Rµν ≡ dωµν + ωµα ∧ ωαν = 1
2
Rµναβω
α ∧ ωβ, ωµν = Γµναωα, ωµν = gµαωαν . (2.3)
Using the identities
0 = dωµ + ωµνω
ν, dgµν = ωµν + ωνµ (2.4)
and the orthonormal basis (2.2), it is easy to find the connection one-forms ωµˆνˆ = −ωνˆµˆ:
ωtˆrˆ = −Φ′e−Λω tˆ, ωiˆrˆ =
1
r
e−Λω iˆ, ωtˆˆi = 0. (2.5)
The resulting Rµν for D = 4 are given in [6]:
Rtˆrˆ = e−2Λ
[
Φ′′ + (Φ′)2 − Φ′Λ′
]
ωrˆ ∧ ω tˆ ≡ A(r)ωrˆ ∧ ω tˆ,
Rtˆiˆ = e−2Λ
[
−1
r
Φ′
]
ω tˆ ∧ ω iˆ ≡ B(r)ω tˆ ∧ ω iˆ,
Rrˆ iˆ = e−2Λ
[
1
r
Λ′
]
ωrˆ ∧ ω iˆ ≡ C(r)ωrˆ ∧ ω iˆ,
Riˆ jˆ =
1
r2
[
1− e−2Λ
]
ω iˆ ∧ ωjˆ ≡ ψ(r)ω iˆ ∧ ωjˆ; (2.6)
they are in fact dimension-independent. The functions A, B, C, and ψ, defined in (2.6),
are the only combinations of Λ(r) and Φ(r) appearing in the Riemann tensor.
2In D = 3, the Weyl tensor vanishes identically, Riemann and Ricci being equivalent (double duals)
to each other; in D = 2, only the scalar curvature Rµ
µ remains.
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The {A,B,C, ψ} are algebraically, but not functionally, independent; for example,
C(r) = 1
2r
(r2ψ(r))′. When A and B are used for constructing actions, we can integrate
them by parts:
∫
∞
0
drrneΦ+ΛBΨ =
∫
∞
0
drrneΦ+Λ
{(
1
r2
− ψ
)
[(n− 1)Ψ + rΨ′]− CΨ
}
,∫
∞
0
drrneΦ+ΛAΨ =
∫
∞
0
drrneΦ+Λ {B [nΨ+ rΨ′]} (2.7)
where Ψ = Ψ(r) is an arbitrary function. The following operator relations allow us to
express any monomial involving either a single A or a single B (but not both, and no
higher powers of these) and an arbitrary number of C’s and D’s in terms of the single
function ψ and its derivatives:
C = ψ +
1
2
rψ′, B ∼
(
1
r2
− ψ
) [
(n− 1) + r d
dr
]
− C, A ∼ B
[
n + r
d
dr
]
(2.8)
where “∼” means “up to integrating by parts with measure drrneΦ+Λ.” The Einstein
action is immediately obtained using (2.8),
S1 =
∫ √
g(R + λ) =
∫
dt
∫
dnΩ
∫
∞
0
dreΦ+Λ
[(
nψ(r) +
1
n+ 1
λ
)
rn+1
]′
(2.9)
whose extrema3 are obviously the Schwarzschild-deSitter metrics
Φ = −Λ = 1
2
ln
[
1− ζ
rn−1
+
λr2
n(n + 1)
]
. (2.10)
3 Projectors and components
The metric (2.1) separates the space-time indices µ into t, r, and the angular i =
1, ..., n. The tensors
τµˆ
νˆ ≡ δtˆµˆδνˆtˆ = diag(1, 0, 0, ..., 0),
ρµˆ
νˆ ≡ δrˆµˆδνˆrˆ = diag(0, 1, 0, ..., 0),
σµˆ
νˆ ≡
n∑
i=1
δ iˆµˆδ
νˆ
iˆ
= diag(0, 0, 1, ..., 1) (3.1)
conveniently summarize this decomposition. They are orthogonal projectors,
ττ = τ, ρρ = ρ, σσ = σ; τρ = τσ = ρσ = 0, (3.2)
3This reduction, justified in [7], has also proved quite useful for quadratic curvature models [8].
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and multiply as matrices, (ττ)µˆ
αˆ = τµˆ
νˆτνˆ
αˆ = τµˆ
αˆ etc. Their traces are
tr τ = 1, tr ρ = 1, tr σ = n. (3.3)
In an orthonormal frame, indices are raised and lowered by the Minkowski metric, e.g.
τµˆνˆ = τµˆ
αˆηαˆνˆ . Since the (3.1) are symmetric matrices, we need not worry about index
order, and can write τ νˆµˆ for τµˆ
νˆ , etc.
The projectors (3.1) also provide a compact notation for the curvatures. The Riemann
tensor is
Rµˆνˆ αˆβˆ = 2
[
−A · 2τ [µˆ[αˆρνˆ]βˆ] +B · 2τ
[µˆ
[αˆσ
νˆ]
βˆ]
+ C · 2ρ[µˆ[αˆσνˆ]βˆ] + ψ · σ
[µˆ
[αˆσ
νˆ]
βˆ]
]
, (3.4)
while Ricci and Weyl can be written as
Rµˆ
νˆ = Fτ νˆµˆ +Gρ
νˆ
µˆ +Hσ
νˆ
µˆ, (3.5)
C µˆνˆ αˆβˆ = −2χ
n− 1
n+ 1
[
2τ
[µˆ
[αˆρ
νˆ]
βˆ]
− 2 1
n
(
τ
[µˆ
[αˆσ
νˆ]
βˆ]
+ ρ
[µˆ
[αˆσ
νˆ]
βˆ]
)
+
2
n(n− 1)σ
[µˆ
[αˆσ
νˆ]
βˆ]
]
(3.6)
where
F ≡ nB −A, G ≡ nC −A, H ≡ B + C + (n− 1)ψ, (3.7)
are the Ricci components, and
χ ≡ A+B + C − ψ (3.8)
is the only function appearing in the definition of Weyl. Here, the brackets denote (normal-
ized) antisymmetrization, 2σ
[µˆ
[αˆσ
νˆ]
βˆ]
= σµˆαˆσ
νˆ
βˆ
−σµˆ
βˆ
σνˆαˆ, etc. The (four-index) structures 2τ
[µˆ
[αˆρ
νˆ]
βˆ]
,
2τ
[µˆ
[αˆσ
νˆ]
βˆ]
, 2ρ
[µˆ
[αˆσ
νˆ]
βˆ]
, and σ
[µˆ
[αˆσ
νˆ]
βˆ]
are also orthogonal projectors, e.g., σ
[µˆ
[αˆσ
νˆ]
βˆ]
σ
[αˆ
[ǫˆ σ
βˆ]
γˆ] = σ
[µˆ
[ǫˆ σ
νˆ]
γˆ]. Pow-
ers of Riemann, Ricci, and Weyl have similar form and are discussed in the Appendix.
To list all independent invariants, we first organize them according to the number of
Weyls (i.e., the power of χ), and then eliminate redundancies at every given power of
χ. The locations of the indices for Weyl and Ricci (before contractions into scalars) can
be fixed once and for all as C µˆνˆ αˆβˆ and Rµˆ
νˆ ; then, one can use (3.5) and (3.6) without
having to worry about raising or lowering their indices. All other configurations are
linear combinations of these. The resulting invariants may still be linearly dependent;
for example, we have not made use of the cyclic symmetry Rµ[ναβ] = 0. So one may
need to eliminate the extras by hand. Invariants made out of the Riemann tensor, or
equivalently its Weyl and Ricci components, can be written in terms of products of (3.1),
and contracted using (3.2) and (3.3); these are the only tools required for our calculations.
As (3.6) is symmetric under τ↔ρ, the resulting invariants will be symmetric under F↔G;
see (3.5)-(3.6).
5
4 Lovelock invariants
To connect with earlier studies of specific actions, it is convenient to formulate Weylk
monomials in terms of the Euler-Gauss-Bonnet-Lovelock invariants
Lk ≡ δµ1ν1µ2ν2...µkνkα1β1α2β2...αkβkRµ1ν1α1β1Rµ2ν2α2β2...Rµkνkαkβk , (4.1)
with
δµ1µ2...µrα1α2...αr ≡
1
r!
∑
γ∈Sr
sign(γ)δµ1αγ(1)δ
µ2
αγ(2)
...δµrαγ(r) , (4.2)
see e.g. [9]. Here, δ is totally antisymmetric in its upper and lower indices separately, and
the normalization is chosen to make δ a projector: δν1ν2...νrµ1µ2...µrδ
µ1µ2...µr
α1α2...αr
= δν1ν2...νrα1α2...αr . When
D = 2k, Lk is a total divergence, and it vanishes identically for D < 2k.
The Lk are easily evaluated. Antisymmetry of the Riemann tensor (3.4) in its upper
and lower indices, reduces (4.1) to sums of
δ
µ1...ν1...α1...
β1...γ1...ǫ1...
(τβ1µ1 ...τ
βp
µp
)(ργ1ν1 ...ρ
γq
νq
)(σǫ1α1 ...σ
ǫr
αr
) =
n!
(p+ q + r)!(1− p)!(1− q)!(n− r)! . (4.3)
Permutations mixing indices from different groups ({µ}, {ν}, {α}) vanish, since the pro-
jectors τ , ρ, and σ are mutually orthogonal; their traces are given in (3.3). For (4.3) to
be nonzero, we must have 2k = p + q + r ≤ n + 2 = D. From the explicit form of (3.4)
we find that Lk is the specific combination
Lk = ζnk
[
(n− 2k + 1)ψk + 2k(B + C)ψk−1 + 2k
(n− 2k + 2)(2(k − 1)BC − Aψ)ψ
k−2
]
,
(4.4)
where the prefactor ζnk ≡ 2
kn!
(2k)!(n−2k+1)!
(so ζnk = 0 for n+2 ≤ 2k). Using (2.8) to integrate
by parts, the Lk give rise to uniformly nice actions
SL =
∫
dDx
√
g
∑
k
akLk =
∫
dt
∫
dnΩ
∫
∞
0
dreΦ+Λ
[
rn+1
∑
k
akζ
n
kψ(r)
k
]′
(4.5)
for any set of coefficients ak. The attractive properties of the Einstein action (2.9) are
preserved: “on-shell,” Φ + Λ is constant and ψ(r) satisfies an algebraic (rather than a
differential) equation [10, 11]. This displays the fact that general SL actions contain only
two derivatives, further reducing to just one in Schwarzschild coordinates.
The four independent components of Rµˆνˆαˆβˆ can be expressed as linear combinations of
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the three components of Rµˆνˆ and the single independent component of the Weyl tensor:


A
B
C
ψ

 =
1
n(n+ 1)


−n(F + G) + nH + n(n− 1)χ
nF −G+H + (n− 1)χ
−F + nG+H + (n− 1)χ
−(F +G) + (n + 2)H − 2χ

 . (4.6)
From (4.6) it immediately follows that an arbitrary Riemannk invariant can be generally
written schematically as
(R∗ˆ∗ˆ∗ˆ∗ˆ)
k = aχk + χk−1(R∗ˆ∗ˆ) + χ
k−2(R∗ˆ∗ˆ)
2 + ...+ (R∗ˆ∗ˆ)
k. (4.7)
In this fashion, powers of χ multiplying structures involving only components of the Ricci
tensor R∗ˆ∗ˆ keep track of the number of Weyl tensors used in constructing the (R∗ˆ∗ˆ∗ˆ∗ˆ)
k. In
particular, Lk can be described in an alternate way to (4.4),
Lk = ankχk + χk−1(R∗ˆ∗ˆ) + χk−2(R∗ˆ∗ˆ)2 + ... + (R∗ˆ∗ˆ)k (4.8)
with ank =
(n+1)!(k−1)(nk+k−n−2)
(2k)!(n−2k+2)!
(
−4
n(n+1)
)k
, and, as an immediate corollary of (4.7) and (4.8)
(R∗ˆ∗ˆ∗ˆ∗ˆ)
k =
a
ank
Lk + χk−1(R∗ˆ∗ˆ) + χk−2(R∗ˆ∗ˆ)2 + ... + (R∗ˆ∗ˆ)k. (4.9)
Any Riemannk invariant is proportional to Lk modulo terms involving at least one occur-
rence of R∗ˆ∗ˆ. In general, all powers of χ will be present, so it is not possible to express
arbitrary scalars in terms of only Riccis and the highest Lovelock.
5 Specific examples and general patterns
Consider now some explicit examples. The most trivial one is k = 0, the constant
(cosmological) term
L0 = 1. (5.1)
At k = 1, the Ricci scalar is the unique invariant
L1 = R. (5.2)
At k = 2, there are three invariants:
I21 ≡ R2, I22 ≡ RµνRµν , I23 ≡ RµναβRµναβ , (5.3)
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whose Lovelock combination (4.1) is
L2 = 1
6
[
RµναβR
µναβ − 4RµνRµν +R2
]
. (5.4)
There are still 3 invariants we can construct out of Ricci and Weyl:
trR2 = F 2 +G2 + nH2, (trR)2 = (F +G+ nH)2; trC2 = 4χ2
n− 1
n + 1
. (5.5)
At order k = 3, the basis of curvature invariants (for general metrics) has eight mem-
bers [5]:
I31 ≡ R3, I32 ≡ RRµνRµν , I33 ≡ RναRνµRαµ,
I34 ≡ RναRµβRνµαβ , I35 ≡ RRµναβRµναβ , I36 ≡ RναRβγǫνRβγǫα,
I37 ≡ RµναβRµνγǫRαβγǫ, I38 ≡ RµναβRµγαǫRνγβǫ. (5.6)
Only I37 and I
3
8 contain C
3. One linear combination of these can be completed to
L3 = 1
90
[
I31 − 24I32 + 16I33 + 24I34 + 3I35 − 24I36 + 4I37 − 8I38
]
. (5.7)
The other combination of I37 and I
3
8 ,
O3 = 4I31 − 12(n+ 1)I32 + 8(3n− 1)I33
+12(n2 − n + 2)I34 + 6(n− 1)I35 − 12(n2 − 1)I36
−4(n3 − 3n2 + 2n+ 2)I37 + (3n2 − 3n− 2)I38 (5.8)
can be shown to vanish for our geometries as required by the uniqueness arguments of the
previous section, see (4.9). The remaining seven independent invariants have the explicit
form:
trR3 = F 3 +G3 + nH3,
(trR)(trR2) = (F +G+ nH)(F 2 +G2 + nH2),
(trR)3 = (F +G+ nH)3;
CµναβRµ
αRν
β = −2χn− 1
n + 1
(F −H)(G−H);
(C2)µνανRµ
α = 2χ2
n− 1
n(n+ 1)
[(F +G)(n− 1) + 2H ] ,
(trC2)(trR) = 4χ2
n− 1
n+ 1
(F +G+ nH);
(trC3) =
(
−2χn− 1
n + 1
)3 [
1− 2
n2
+
4
n2(n− 1)2
]
. (5.9)
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At order k = 4, there are in general 26 invariants [5], which we do not list here.
Of these, seven contain C4, the single surviving combination of which can be completed
[11, 12] to make
L4 = 96
[
1
2
(RµναβR
αβ
µν)
2 +RµναβR
αβ
ǫγR
ǫγ
κζR
κζ
µν + 8R
µν
αβR
βγ
νǫR
ǫκ
γζR
ζα
κµ
−8RµνǫγRγκµνRαβκζRζǫαβ + 16RǫκµνRµναβRαζǫγRβγκζ
+16RακµνR
µǫ
αβR
νζ
ǫγR
βγ
κζ + (terms involving R and Rµ
ν)
]
. (5.10)
Of the remaining 19 terms, six more also vanish. Finally, we are left with 14 linearly
independent invariants, including all possible non-Weyl terms:
trR4, (trR3)(trR), (trR2)2, (trR2)(trR)2, (trR)4;
Cµναβ(R
2)µ
αRν
β , CµναβRµ
αRν
β(trR);
(trC2)(trR2), (trC2)(trR)2, (C2)µναν(R
2)µ
α, (C2)µναβRµ
αRν
β;
(C3)µνανRµ
α, (trC3)(trR);
trC4. (5.11)
This is the general pattern. Maximal reduction occurs for Weylk; any possible con-
traction of indices in the k occurrences of the Weyl tensor is proportional to a single
invariant
(trCk) ∝ χk. (5.12)
With one Ricci, there are two independent invariants
(Ck)µνανRµ
α, (trCk)(trR); (5.13)
there are no others since the only combinations linear in F , G, H and symmetric under
F↔G are (F +G) and H . Similarly, there can be at most four invariants with two Riccis,
since the F↔G symmetric bilinears in F,G,H are F 2 +G2, FG, (F +G)H , and H2; for
example one can take
(trCk−2)(trR2), (trCk−2)(trR)2, (Ck−2)µναν(R
2)µ
α, (Ck−2)µναβRµ
αRν
β . (5.14)
For lowD we may get fewer linearly independent invariants. Thus, in the case ofD = 4 the
identity (C2)µανα =
1
4
δµν (C
2)αβαβ relates the two scalars in (5.13), and there are similar
relations in (5.14). Indeed, D = 4 is both special, and of course the most extensively
studied [13]. The greatest variety occurs for scalars made entirely out of Ricci, which are
of the form
(trRk1)(trRk2)(trRk3)..., k1 + k2 + k3 + ... = k. (5.15)
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Here, ki ≤ D since the characteristic polynomial provides a relation, 0 = cR(R) =
RD + c1R
D−1 + c2R
D−2 + ... + cD−1R + cD which expresses R
D in terms of lower powers
of R. Moreover, since n = D− 2 out of D eigenvalues of R are degenerate, vanishing dis-
criminants provide additional relations. For example, the discriminant of cR(R), namely
D ≡ ∏i<j(λi − λj)2 = D(c1, ..., cD) where λi are the eigenvalues of R, is a homogeneous
polynomial in the entries of R, of degree D(D − 1). When some of the λi’s coincide,
D(c1, ..., cD) = 0 and we have an additional relation on the order k = D(D − 1) invari-
ants. In fact, since n = D − 2 eigenvalues coincide, there are n(n − 1) such relations for
k = D(D − 1), D(D − 1)− 2, D(D − 1)− 4, etc.
We see that things get more complicated with growing powers of Ricci. A crude upper
bound on the number of possible invariants made with l Riccis (3.5) and (k − l) Weyls
(3.6), is the number of linearly independent homogeneous polynomials of order l in the
three variables F , G, and H which are symmetric under F↔G.
6 Less symmetry?
So far we have relied heavily on maximal symmetry. In this section we show why this
is so special by considering the next simplest case of static axially symmetric D = n+ 4-
dimensional metrics,
ds2 = −e2U (dt+Adφ)2 + e−2Ur2dφ2 + e−2V (dr2 + dz2) + e−2Y dΩ2n
= −ω2
tˆ
+ ω2
φˆ
+ ω2rˆ + ω
2
zˆ +
n∑
i=1
ω2
iˆ
; (6.1)
the four functions A, U , V , and Y depend on both r and z. The problem now becomes
much less tractable. The connection one-forms (2.3) are
ωtˆrˆ = e
V U,rωtˆ +
1
2r
eV+2UA,rωφˆ, ωtˆzˆ = eV U,zωtˆ +
1
2r
eV+2UA,zωφˆ,
ωtˆφˆ = −
1
2r
eV+2U(A,rωrˆ +A,zωzˆ), ωrˆzˆ = eV V,zωrˆ + eV V,rωzˆ,
ωrˆφˆ =
1
2r
eV+2UA,rωtˆ + eV (U,r −
1
r
)ωφˆ, ωzˆφˆ =
1
2r
eV+2UA,zωtˆ + eV U,zωφˆ,
ωrˆiˆ = e
V Y,rωiˆ, ωzˆiˆ = e
V Y,zωiˆ, ωtˆˆi = ωφˆiˆ = 0. (6.2)
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It has the following block diagonal form:
Rµˆνˆ =


Rtˆtˆ Rtˆφˆ
Rφˆtˆ Rφˆφˆ
Rrˆrˆ Rrˆzˆ
Rzˆrˆ Rzˆzˆ
ψn1n×n


(6.3)
with all other entries zero. The Ricci tensor has 7 independent components, at least for
D ≥ 5:
Rtˆtˆ = e
2V
[
e4U
2r2
(A2,r +A2,z) +
1
r
U,r + (U,rr + U,zz)− n(U,rY,r + U,zY,z)
]
,
Rφˆφˆ = e
2V
[
e4U
2r2
(A2,r +A2,z) +
1
r
U,r + (U,rr + U,zz)− n(U,rY,r + U,zY,z − 1
r
Y,r)
]
,
Rtˆφˆ = Rφˆtˆ =
e2(U+V )
2r
[
(A,rr +A,zz)− 1
r
A,r + 4(U,rA,r + U,zA,z)− n(Y,rA,r + Y,zA,z)
]
;
Rrˆrˆ = e
2V
[
e4U
2r2
A2,r + (V,rr + V,zz)− 2U2,r +
1
r
(2U,r − V,r)
+n(Y,rr − Y 2,r + V,rY,r − V,zY,z)
]
,
Rzˆzˆ = e
2V
[
e4U
2r2
A2,z + (V,rr + V,zz)− 2U2,z +
1
r
V,r
+n(Y,zz − Y 2,z + V,zY,z − V,rY,r)
]
,
Rrˆzˆ = Rzˆrˆ = e
2V
[
e4U
2r2
A,rA,z + 1
r
(U,z − V,z)− 2U,rU,z
+n(V,rY,z + V,zY,r − Y,rY,z + Y,rz)] ;
ψn = (n− 1)e2Y + e2V
[
1
r
Y,r + (Y,rr + Y,zz)− n(Y 2,r + Y 2,z)
]
. (6.4)
More importantly, the Weyl tensor no longer depends on a single function, so one can
construct more than one linearly independent combination of Weylk up to terms involving
Riccis, and there is no longer any decomposition of the form (4.9). So indeed spherical
symmetry is very crucial for our simplifications.
7 Effective actions
For the purpose of effective actions, there are basically three types of terms at any
order k. The first are the pure Lovelock invariants Lk, with actions (4.5); their solutions
[11] are direct extensions of the single Gauss-Bonnet metric [10]. At the other extreme,
all actions with two or more Ricci tensors permit Ricci-flat, i.e. Schwarzschild solutions,
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since the Euler-Lagrange equations always contain at least one Ricci tensor or scalar. In-
deed, they may even allow Schwarzschild-deSitter metrics where Rµν = λgµν provided the
relative coefficients ak in (4.5) are appropriately chosen. Being of higher derivative order,
they will also have other, non-Einstein space, solutions. The third, intermediate, class
consists of actions of the form
∫
(dDx)
√−gRµνfµν , with fµν ≡ α(Ck−1)µν + βgµνtrCk−1.
These actions do not have Ricci-flat solutions: Rµν = 0 implies Schwarzschild, completely
determining Cµναβ as well; the resulting f
µν is then incompatible with the (Ricci-flat)
equations of motion
∇α∇µfαν +∇α∇µf να −∇α∇αfµν − gµν∇α∇βfαβ = 0. (7.1)
We have not been able to find explicit solutions here, apart from the obvious (Cµναβ = 0)
vacua: arbitrary (A)dS spaces.
To summarize, we have presented a framework for categorizing the local invariants
of static spherically symmetric geometries. This made possible, in particular, a simple
division, into three general classes, of the local actions beyond Einstein’s, such as those
implied by string theory expansions. These were distinguished by their Ricci tensor
dependence. It would be interesting to see if any of these candidates give rise to novel,
post-Schwarzschild/Lovelock effects.
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Appendix A Powers of Curvature
In this Appendix we list some invariants used in Sections 3 and 4. Powers of Ricci,
Riemann and Weyl are given by
(Rk)α
β ≡ Rαα2Rα2α3 ...Rαkβ = (F kτ +Gkρ+Hkσ)βα, (A.1)
(Rk)αβµν ≡ Rαβǫ2γ2Rǫ2γ2ǫ3γ3 ...Rǫkγkµν
= 2k
[
(−A)k · 2τ [α[µ ρβ]ν] +Bk · 2τ [α[µ σβ]ν] + Ck · 2ρ[α[µσβ]ν] + ψk · σ[α[µσβ]ν]
]
, (A.2)
(Ck)αβµν ≡ Cαβǫ2γ2Cǫ2γ2ǫ3γ3 ...Cǫkγkµν (A.3)
=
(
−2χn− 1
n + 1
)k 2τ [α[µ ρβ]ν] + 2
(
−1
n
)k (
τ
[α
[µ σ
β]
ν] + ρ
[α
[µσ
β]
ν]
)
+
(
2
n(n− 1)
)k
σ
[α
[µσ
β]
ν]

 .
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Here, k = 0 is the identity tensor of the appropriate symmetry type, e.g. (R0)α
β = δα
β
and (R0)αβµν = 2τ
[α
[µ ρ
β]
ν] + 2τ
[α
[µ σ
β]
ν] + 2ρ
[α
[µσ
β]
ν] + σ
[α
[µσ
β]
ν] .
Contraction of these produces
(Rk)α
α = F k +Gk +Hkn, (A.4)
(Rk)αβγβ = 2
k−1
[
τ
(
(−A)k + nBk
)
+ ρ
(
(−A)k + nCk
)
+ σ
(
Bk + Ck + (n− 1)ψk
)]α
γ
(A.5)
(Ck)αβγβ =
1
2
(
−2χn− 1
n+ 1
)k [
(τ + ρ)
(
1− (−n)1−k
)
+
2σ
nk
(
(
2
n− 1)
k−1 − (−1)k−1
)]α
γ
(A.6)
and in particular at D = 4, we recover the identity
(C2)αβγβ
∣∣∣
n=2
=
(
−2χ1
3
)2 3
4
[τ + ρ+ σ]αγ =
3
4
δαγ
(
−2χ1
3
)2
=
1
4
δαγ (C
2)µνµν . (A.7)
Some examples of resulting invariants are
(Ck)αβαβ =
(
−2χn− 1
n + 1
)k [
1− 2(−1)
k−1
nk−1
+
2k−1
nk−1(n− 1)k−1
]
, (A.8)
(Ck)αβαβR
µ
µ =
(
−2χn− 1
n + 1
)k [
1− 2(−1)
k−1
nk−1
+
2k−1
nk−1(n− 1)k−1
]
(F +G+ nH), (A.9)
(Ck)αβγβR
γ
α =
(
−2χn− 1
n + 1
)k [F +G
2
(
1− (−1)
k−1
nk−1
)
+
H
nk−1
(
2k−1
(n− 1)k−1 − (−1)
k−1
)]
.
(A.10)
To get the equivalents of (A.9) and (A.10) for Rk instead of R, all we have to do is replace
F , G, and H in their right hand sides by F k, Gk, and Hk respectively.
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